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1. Introduction
In this paper, we consider the following parabolic bilateral obstacle problem
min
{
max
{
ut + F (x, t,Du,D
2u)− f, u− ψ} , u− ϕ} = 0 in ΩT (1.1)
under the Cauchy-Dirichlet condition u = g on ∂pΩT . Here, ΩT := Ω× (0, T ]
for a bounded domain Ω ⊂ Rn and T > 0, F is at least a measurable function
on ΩT × Rn × Sn, and f , ϕ, ψ and g are given. We denote Sn by the set of
all n× n real-valued symmetric matrices with the standard order, and set
Snλ,Λ := {X ∈ Sn : λI ≤ X ≤ ΛI} for 0 < λ ≤ Λ.
Moreover, we denote the parabolic boundary of ΩT by
∂pΩT := Ω× {0}
⋃
∂Ω× [0, T ).
To begin with, the theory of obstacle problems is motivated by numerous
applications, e.g. in stochastic control theory, in economics, in mechanics, in
mathematical physics or in mathematical biology.
An existence theory for parabolic unilateral obstacle problems was first
introduced by J.-L. Lions and G. Stampacchia in [21]. In [5], regularity of
solutions of parabolic unilateral obstacle problems was studied by H. Bre´zis.
Then, A. Friedman in [12, 13] considered stochastic games and studied regu-
larity of solutions of bilateral obstacle problems. Afterwards, there appeared
numerous researches on parabolic obstacle problems when F are partial dif-
ferential operators of divergence form. We only refer to [14, 17, 2, 15, 4, 25]
and references therein for the existence and regularity of solutions of parabolic
obstacle problems and applications.
In [23, 26], we considered unilateral obstacle problems for fully nonlinear
uniformly parabolic operators under appropriate assumptions for applying
the regularity theory of viscosity solutions in [27, 28, 29]. It is natural to ask
whether the results can be extended to bilateral obstacle problems. We refer
to [24] for an accomplished overview of bilateral obstacle problems.
Although bilateral obstacle problems have been studied since the 1960s,
some results on bilateral obstacle problems for non-divergence form operators
only have been obtained very recently. In particular, L.F. Duque in [10]
showed interior Ho¨lder estimates on viscosity solutions of bilateral obstacle
problems for fully nonlinear uniformly parabolic operators with no variable
coefficients, no first derivative terms and constant inhomogeneous terms when
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the obstacles are independent of time and Ho¨lder continuous;
F (x, t, ξ,X) = F (X) for (x, t, ξ,X) ∈ ΩT × Rn × Sn,
f ≡ C,
ϕ(x, t) = ϕ(x), ψ(x, t) = ψ(x) for (x, t) ∈ ΩT ,
ϕ, ψ ∈ Cα(ΩT ) for α ∈ (0, 1).
Under the above hypotheses, in [10], we obtain the existence of viscosity
solutions of (1.1) under the Cauchy-Dirichlet condition, and interior Ho¨lder
estimates on the space derivative when the obstacles are in C1,β for β ∈
(0, 1) and separated. The corresponding results for elliptic problems are also
established in [10]. It was later extended for fully nonlinear uniformly elliptic
equations with unbounded coefficients and inhomogeneous terms in [20]. We
will give the definition of Ck,α for k = 0, 1 and α ∈ (0, 1) in Section 2.
This paper is the parabolic counterpart of [20] on fully nonlinear elliptic
bilateral obstacle problems. Our aim in this paper is to extend results in [10]
when F is a fully nonlinear uniformly parabolic operator. More precisely, un-
der more general hypotheses than those in [10], we show the equi-continuity
of Lp-viscosity solutions of (1.1) in ΩT , the existence of L
p-viscosity solutions
of (1.1), and their local Ho¨lder continuity of space derivatives under addi-
tional assumptions. In [10], it is assumed that the obstacles are separated
in order to obtain interior Ho¨lder estimates on the space derivative of vis-
cosity solutions of bilateral obstacle problems. In this paper, we remove this
hypothesis (for elliptic case see the Appendix).
Because most of results on the equi-continuity and existence of Lp-viscosity
solutions of (1.1) follow the same line of arguments as that of its elliptic coun-
terpart used in [20], we shall give the outline of proofs. As for the local Ho¨lder
continuity of space derivatives of Lp-viscosity solutions of (1.1), we cannot use
our argument used in [20] because the domain, where the infimum is taken,
differs from that of the Lε0 (quasi-) norm in the weak Harnack inequality,
which arises in Proposition 2.4. Instead, we use a compactness-based tech-
nique developed in [26].
For any p > 0 and u : ΩT → R, we denote the quasi-norm:
‖u‖Lp(ΩT ) =
(∫ T
0
∫
Ω
|u(x, t)|p dxdt
) 1
p
.
We note that ‖ · ‖Lp(ΩT ) satisfies
‖u+ v‖Lp(ΩT ) ≤ Cp
(‖u‖Lp(ΩT ) + ‖v‖Lp(ΩT )) for some Cp ≥ 1. (1.2)
Notice that we may choose Cp = 1 when p ≥ 1.
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This paper is organized as follows: In Section 2, we recall the definition
of Lp-viscosity solutions, basic properties and exhibit main results. Section
3 is devoted to the weak Harnack inequality both in K b ΩT and near
∂pΩT , which yields the global equi-continuity of L
p-viscosity solutions. In
Section 4, we establish the existence of Lp-viscosity solutions of (1.1) when
the obstacles are only continuous under appropriate hypotheses. We obtain
Ho¨lder estimates on the space derivative of Lp-viscosity solutions in Section
5.
2. Preliminaries and main results
For (x, t) ∈ Rn+1 and r > 0, we set
Br := {y ∈ Rn : |y| < r}, Br(x) := x+Br,
Qr := Br × (−r2, 0], and Qr(x, t) := (x, t) +Qr.
For any measurable set A ⊂ Rn+1, we denote by |A| the (n+ 1)-dimensional
Lebesgue measure of A. The parabolic distance is defined by
d((x, t), (y, s)) :=
√
|x− y|2 + |t− s|.
For U , V ⊂ Rn+1, we define the distance between U and V by
dist(U, V ) := inf {d((x, t), (y, s)) : (x, t) ∈ U, (y, s) ∈ V } .
In what follows, K b ΩT means that K ⊂ ΩT is a compact set satisfying
dist(K, ∂pΩT ) > 0.
We denote by C2,1(ΩT ) the space of functions u ∈ C(ΩT ) such that ut, ∂u∂xk ,
∂2u
∂x`∂xk
∈ C(ΩT ) for 1 ≤ k, ` ≤ n. For 1 ≤ p ≤ ∞, we denote by W 2,1p (ΩT )
the space of functions u ∈ Lp(ΩT ) such that ut, ∂u∂xk , ∂
2u
∂x`∂xk
∈ Lp(ΩT ) for
1 ≤ k, ` ≤ n.
By following notations from [9], for any Ω˜T ⊂ Rn+1 such that ΩT ⊂ Ω˜T ⊂
ΩT , and α ∈ (0, 1), the spaces C0,α(Ω˜T ) and C1,α(Ω˜T ) denote the set of all
functions u defined in Ω˜T satisfying
‖u‖C0,α(Ω˜T ) := ‖u‖L∞(Ω˜T ) + sup
(x,t),(y,s)∈Ω˜T
(x,t) 6=(y,s)
|u(x, t)− u(y, s)|
d((x, t), (y, s))α
<∞
and
‖u‖C1,α(Ω˜T ) :=‖u‖L∞(Ω˜T ) + ‖Du‖L∞(Ω˜T )
+ sup
(x,t),(y,s)∈Ω˜T
(x,t)6=(y,s)
|u(y, s)− u(x, t)− 〈Du(x, t), y − x〉|
d((x, t), (y, s))1+α
<∞,
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respectively. In what follows, we simply write Cα(Ω˜T ) for C
0,α(Ω˜T ).
We recall the definition of Lp-viscosity solutions of general parabolic par-
tial differential equations (PDE for short) from [9]:
ut +G(x, t, u,Du,D
2u) = 0 in ΩT , (2.1)
where G : ΩT × R× Rn × Sn → R is a measurable function.
Definition 2.1. We say that a function u ∈ C(ΩT ) is an Lp-viscosity subso-
lution (resp., supersolution) of (2.1) when u satisfies for any η ∈ W 2,1p (ΩT ),
lim
r→0
ess inf
Qr(x0,t0)
{ηt(x, t) +G(x, t, u(x, t), Dη(x, t), D2η(x, t))} ≤ 0(
resp., lim
r→0
ess sup
Qr(x0,t0)
{ηt(x, t) +G(x, t, u(x, t), Dη(x, t), D2η(x, t))} ≥ 0
)
provided that u− η attains its local maximum (resp., minimum) at (x0, t0) ∈
ΩT . We say that u is an L
p-viscosity solution of (2.1) when u is an Lp-
viscosity subsolution and an Lp-viscosity supersolution of (2.1).
Remark 2.2. We will call C-viscosity subsolutions (resp., supersolutions,
solutions) if we replace W 2,1p (ΩT ) by C
2,1(ΩT ) in the above when given G is
continuous. We refer to [7] for the theory of C-viscosity solutions.
In order to present main results, we shall prepare some notations and
hypotheses. Throughout this paper, under the hypothesis
p1 < p ≤ q, q > n+ 2, (2.2)
where p1 = p1(n,
Λ
λ
) ∈ [n+2
2
, n+ 1) is the constant in [11], we suppose
f ∈ Lp(ΩT ). (2.3)
The structure condition on F is that there exist constants 0 < λ ≤ Λ and
µ ∈ Lq(ΩT ) (2.4)
such that
F (x, t, 0, O) = 0 and
P−λ,Λ(X − Y )− µ(x, t)|ξ − ζ| ≤ F (x, t, ξ,X)− F (x, t, ζ, Y )
≤ P+λ,Λ(X − Y ) + µ(x, t)|ξ − ζ|
(2.5)
for (x, t) ∈ ΩT , ξ, ζ ∈ Rn, X, Y ∈ Sn, where P±λ.Λ : Sn → R are defined by
P+λ,Λ(X) := max{−Tr(AX) : A ∈ Snλ,Λ}, and P−λ,Λ(X) := −P+λ,Λ(−X)
for X ∈ Sn. Because we fix 0 < λ ≤ Λ in this paper, we shall write
P± := P±λ,Λ for simplicity. We note that (2.5) implies µ ≥ 0 in ΩT .
For obstacles ϕ and ψ, as compatibility conditions, we suppose that
ϕ ≤ ψ in ΩT . (2.6)
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2.1. Basic properties
We first give a direct consequence from the definition, which is a modification
of Proposition 2.3 in [20]. Hereafter, for α, β ∈ R, we use
α ∨ β := max{α, β}, α ∧ β := min{α, β}, α+ := α ∨ 0 and α− := (−α) ∨ 0.
Proposition 2.3. Assume (2.2), (2.3), (2.4), (2.5) and (2.6). Let u ∈ C(ΩT )
be an Lp-viscosity subsolution (resp., supersolution) of (1.1). Assume that an
affine function `(x) := a+ 〈b, x〉, where (a, b) ∈ R× Rn, satisfies that ` ≥ ϕ
(resp., ` ≤ ψ) in a relatively open subset Q ⊂ ΩT . Then, u ∨ ` (resp., u ∧ `)
is an Lp-viscosity subsolution (resp., supersolution) of
ut + P−(D2u)− µ|Du| − f+ = 0 in Q(
resp., ut + P+(D2u) + µ|Du|+ f− = 0 in Q
)
.
Proof. We only give a proof for supersolutions.
For η ∈ W 2,1p (Q), we suppose that (u ∧ `)− η attains its local minimum
at (x0, t0) ∈ Q.
If u(x0, t0) < `(x0) holds, then u−η attains its local minimum at (x0, t0) ∈
Q, and u < ψ near (x0, t0). Thus, by the definition, we have
lim
r→0
ess sup
Qr(x0,t0)
min
{
ηt + F (x, t,Dη,D
2η)− f, u− ϕ} ≥ 0,
which gives the assertion by (2.5).
When u(x0, t0) ≥ `(x0), we only note that ` is an Lp-viscosity supersolu-
tion of ut + P+(D2u) = 0 in ΩT .
We shall introduce a scaled version of the weak Harnack inequality and
a Ho¨lder continuity in [19]. Modifying the result in [19] by an argument of
the compactness, we state the next proposition as simple as possible for later
use. See [19] for the original version. Hereafter, we use the notation
α0 := 2− n+ 2
p ∧ (n+ 2) ∈ (0, 1].
Proposition 2.4. (cf. Theorem 3.4 in [19]) Let r > 0. Under the hypothesis
(2.2), we assume µ ∈ Lq(Q2r). Then, there exist constants ε0 > 0 and C0 > 0
such that for any f ∈ Lp(Q2r) and any nonnegative Lp-viscosity supersolution
u ∈ C(Q2r) of
ut + P+(D2u) + µ|Du| − f = 0 in Q2r, (2.7)
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we have
‖u‖Lε0 (Qr(0,−3r2)) ≤ C0r
n+2
ε0
(
inf
Qr
u+ rα0‖f‖Lp∧(n+2)(Q2r)
)
. (2.8)
Here, ε0 and C0 depend only on n, Λ, λ, p, q and r
1−n+2
q ‖µ‖Lq(Q2r).
We next recall how to derive a local Ho¨lder estimate on Lp-viscosity
solutions of parabolic extremal equations in order to show a key idea of
this paper. The following proposition is a scaled version of Theorem 4.2 in
[19].
Proposition 2.5 (cf. Theorem 4.2 in [19]). Let R > 0. Under (2.2), we
assume µ ∈ Lq(Q2R). Then, there exist constants K1 > 0 and αˆ ∈ (0, α0]
such that for any f ∈ Lp(Q2R), if u ∈ C(Q2R) is an Lp-viscosity subsolution
and an Lp-viscosity supersolution, respectively, of
ut + P−(D2u)− µ|Du| − f = 0 and ut + P+(D2u) + µ|Du| − f = 0
in Q2R, then it follows that
|u(x, t)−u(y, s)| ≤ K1
(
d((x, t), (y, s))
R
)αˆ (‖u‖L∞(Q2R) +Rα0‖f‖Lp∧(n+2)(Q2R))
for (x, t), (y, s) ∈ QR. Here, K1 and αˆ depend only on n,Λ, λ, p, q and
R1−
n+2
q ‖µ‖Lq(Q2R).
Proof. Fix (x, t) ∈ QR. For 0 < s ≤ R, we set
Ms := sup
Qs(x,t)
u, and ms := inf
Qs(x,t)
u.
Now, for 0 < r ≤ R
2
, setting
U := u−m2r ≥ 0, and V := M2r − u ≥ 0 in Q2r(x, t),
we immediately see that U and V are Lp-viscosity supersolutions of (2.7) in
Q2r(x, t) with f replaced by −f− and −f+, respectively. Hence, in view of
Proposition 2.4, we have
‖U‖Lε0 (Qr(x,t−3r2)) ≤ C0r
n+2
ε0
(
inf
Qr(x,t)
U + rα0‖f‖Lp∧(n+2)(Q2r(x,t))
)
,
‖V ‖Lε0 (Qr(x,t−3r2)) ≤ C0r
n+2
ε0
(
inf
Qr(x,t)
V + rα0‖f‖Lp∧(n+2)(Q2r(x,t))
)
.
7
Therefore, by (1.2), these inequalities imply
M2r −m2r = |Qr|−
1
ε0 ‖M2r −m2r‖Lε0 (Qr(x,t−3r2))
≤ |Qr|−
1
ε0Cε0
(‖V ‖Lε0 (Qr(x,t−3r2)) + ‖U‖Lε0 (Qr(x,t−3r2)))
≤ C ′0
(
M2r −Mr +mr −m2r + 2rα0‖f‖Lp∧(n+2)(Q2R)
)
,
where C ′0 := |Q1|−
1
ε0Cε0C0. Thus, there exists θ0 ∈ (0, 1) such that
ω(r) ≤ θ0ω(2r) + 2rα0‖f‖Lp∧(n+2)(Q2R),
where ω(r) := Mr −mr. Hence, the standard argument (e.g. Lemma 8.23 in
[16]) implies that
|u(x, t)−u(y, s)| ≤ K1
(
d((x, t), (y, s))
R
)αˆ (‖u‖L∞(Q2R) +Rα0‖f‖Lp∧(n+2)(Q2R))
for some K1 > 0 and αˆ ∈ (0, α0].
Remark 2.6. One of key ideas of this paper is a different choice of Ms and
ms in the above for the proof of Lemma 3.1.
We introduce the Ho¨lder continuity of the space derivative for C-viscosity
solutions of fully nonlinear uniformly parabolic PDE.
Proposition 2.7. (cf. Theorem 4.8 in [28], Proposition 5.4 in [9]) Assume
that F : Sn → R satisfies
P−(X − Y ) ≤ F (X)− F (Y ) ≤ P+(X − Y )
for X, Y ∈ Sn. Then, there exist constants K2 > 0 and βˆ ∈ (0, 1), depending
only on n, Λ and λ, such that if u ∈ C(Q1) is a C-viscosity solution of
ut + F (D
2u) = 0 in Q1, then it follows that
‖u‖C1,βˆ(Q 1
2
) ≤ K2‖u‖L∞(Q1).
We finally give a reasonable property of Lp-viscosity solutions of (1.1),
which will be often used without mentioning it. Because the proof follows
by the arguments of the proof of Proposition 2.9 in [20], we omit it.
Proposition 2.8. (cf. Proposition 2.9 in [20]) Under (2.2), (2.3), (2.4),
(2.5) and (2.6), we assume ϕ, ψ ∈ C(ΩT ). Then, for any Lp-viscosity sub-
solution (resp., supersolution) u ∈ C(ΩT ) of (1.1), we have
u ≤ ψ (resp., u ≥ ϕ) in ΩT .
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2.2. Main results
For obstacles, under (2.6), we at least assume
ϕ, ψ ∈ C(ΩT ). (2.9)
In order to obtain the estimate near ∂pΩT , we suppose the following
condition on the shape of Ω, which was introduced in [3]:{
There exist R0 > 0 and Θ0 > 0 such that
|Br(x) \ Ω| ≥ Θ0rn for (x, r) ∈ ∂Ω× (0, R0). (2.10)
For the Cauchy-Dirichlet datum, we suppose that
g ∈ C(∂pΩT ), and ϕ ≤ g ≤ ψ on ∂pΩT . (2.11)
We call a function ω : [0,∞) → [0,∞) a modulus of continuity if ω is
nondecreasing and continuous in [0,∞) such that ω(0) = 0.
Our first result is the global equi-continuity estimate on Lp-viscosity so-
lutions of (1.1). We present a proof of the following theorem in Section 3.
Theorem 2.9. Assume (2.2), (2.3), (2.4), (2.5), (2.6), (2.9), (2.10) and
(2.11). Then, there exists a modulus of continuity ω0 such that if u ∈ C(ΩT )
is an Lp-viscosity solution of (1.1) satisfying
u = g on ∂pΩT , (2.12)
then it follows that
|u(x, t)− u(y, s)| ≤ ω0(d((x, t), (y, s))) for (x, t), (y, s) ∈ ΩT .
Moreover, if we assume that
ϕ, ψ ∈ Cα1(ΩT ), and g ∈ Cα1(∂pΩT ) for α1 ∈ (0, 1),
then there exist α2 ∈ (0, α0 ∧ α1] and C > 0, independent of u, such that
|u(x, t)− u(y, s)| ≤ Cd((x, t), (y, s))α2 for (x, t), (y, s) ∈ ΩT .
Thanks to Theorem 2.9, we establish the following existence result whose
proof is presented in Section 4.
Theorem 2.10. Under (2.2), (2.3), (2.4), (2.5), (2.6), (2.9) and (2.11), we
assume the uniform exterior cone condition on Ω. Then, there exists an
Lp-viscosity solution u ∈ C(ΩT ) of (1.1) satisfying (2.12).
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In Section 5, assuming
q ≥ p > n+ 2, (2.13)
we define
β0 := 1− n+ 2
p
∈ (0, 1).
To obtain C1,β estimates on Lp-viscosity solutions of (1.1), we suppose that
ϕ, ψ ∈ C1,β1(ΩT ) for β1 ∈ (0, 1). (2.14)
In Section 5.2, we will use the constant β2 defined by
β2 := β0 ∧ β1 ∈ (0, 1).
In order to state the next theorem, we prepare some notations. For small
r > 0, we introduce subdomains of Ω and ΩT , respectively,
Ωr := {x ∈ Ω : dist(x, ∂Ω) > r}, and ΩrT := Ωr × (r2, T ].
For u ∈ C(ΩT ) such that ϕ ≤ u ≤ ψ in ΩT , we set coincidence sets
C−[u] := {(x, t) ∈ ΩT : u(x, t) = ϕ(x, t)},
C+[u] := {(x, t) ∈ ΩT : u(x, t) = ψ(x, t)},
C±[u] := C−[u] ∪ C+[u] ⊂ ΩT ,
and the non-coincidence set
N [u] := ΩT \ C±[u] = {(x, t) ∈ ΩT : ϕ(x, t) < u(x, t) < ψ(x, t)}.
For small r > 0, we define subdomains of N [u]
Nr[u] := {(x, t) ∈ ΩrT : dist((x, t), C±[u]) > r}.
For F in (1.1), we use the following notation:
θ((x, t), (y, s)) := sup
X∈Sn
|F (x, t, 0, X)− F (y, s, 0, X)|
1 + ‖X‖ for (x, t), (y, s) ∈ ΩT .
Theorem 2.11. Assume (2.13), (2.3), (2.4), (2.5), (2.6), and (2.14). Let
β3 ∈ (0, βˆ ∧ β0) ∩ (0, β1], where βˆ ∈ (0, 1) is from Proposition 2.7. For each
small ε > 0, there exist C > 0 and δ0 > 0 such that if u ∈ C(ΩT ) is an
Lp-viscosity solution of (1.1), and if
1
r
‖θ((y, s), ·)‖Ln+2(Qr(y,s)) ≤ δ0 for r ∈ (0, ε] and (y, s) ∈ Nε[u], (2.15)
then it follows that
|Du(x, t)−Du(y, s)| ≤ Cd((x, t), (y, s))β3 for (x, t), (y, s) ∈ ΩεT .
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3. Global equi-continuity estimates
In what follows, under (2.9), we denote by σ0 the modulus of continuity of ϕ
and ψ in ΩT :
σ0(r) := sup
{
|ϕ(x, t)− ϕ(y, s)| ∨ |ψ(x, t)− ψ(y, s)| : (x, t), (y, s) ∈ ΩT
d((x, t), (y, s)) < r
}
.
3.1. Local estimates
We first show the local equi-continuity estimate on Lp-viscosity solutions of
(1.1).
Lemma 3.1. Assume (2.2), (2.3), (2.4), (2.5), (2.6) and (2.9). For any
compact set K b ΩT , there exists a modulus of continuity ω0 such that if
u ∈ C(ΩT ) is an Lp-viscosity solution of (1.1), then it follows that
|u(x, t)− u(y, s)| ≤ ω0(d((x, t), (y, s))) for (x, t), (y, s) ∈ K.
Proof. Let r ∈ (0, d0
2
], where d0 := dist(K, ∂pΩT ), and (x0, t0) ∈ K. Con-
sidering u(x + x0, t + t0), we may suppose that (x0, t0) = (0, 0). Setting
σ0 := σ0(2
√
2r), we define
u := u ∨ (ϕ(0, 0) + σ0) and u := u ∧ (ψ(0, 0)− σ0).
By noting that ϕ(0, 0) + σ0 ≥ ϕ and ψ ≥ ψ(0, 0)− σ0 in Q2r, it follows from
Proposition 2.3 that u and u are, respectively, an Lp-viscosity subsolution
and an Lp-viscosity supersolution of
ut + P−(D2u)− µ|Du| − f+ = 0 and ut + P+(D2u) + µ|Du|+ f− = 0
in Q2r.
Now, for s ∈ (0, d0], setting
Ms := sup
Qs
u, and ms := inf
Qs
u,
we define
U := u−m2r, and V := M2r − u
for r ∈ (0, d0
2
].
It is easy to see that U and V are, respectively, nonnegative Lp-viscosity
supersolutions of
ut + P+(D2u) + µ|Du|+ f∓ = 0 in Q2r.
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Hence, by Proposition 2.4, we have
‖U‖Lε0 (Qr(0,−3r2)) ≤ Cr
n+2
ε0
(
inf
Qr
U + rα0‖f‖Lp∧(n+2)(Q2r)
)
(3.1)
and
‖V ‖Lε0 (Qr(0,−3r2)) ≤ Cr
n+2
ε0
(
inf
Qr
V + rα0‖f‖Lp∧(n+2)(Q2r)
)
. (3.2)
Hereafter, C > 0 denotes the various constant depending only on known
quantities. Since M2r −m2r = V + (u− u) + (u− u) + U ≤ V + 4σ0 + U in
Q2r by Proposition 2.8, we have
M2r −m2r ≤ Cr−
n+2
ε0
(
‖V ‖Lε0 (Qr(0,−3r2)) + σ0r
n+2
ε0 + ‖U‖Lε0 (Qr(0,−3r2))
)
.
Combining this with (3.1) and (3.2), we can find θ0 ∈ (0, 1) such that
Mr −mr ≤ θ0(M2r −m2r) + rα0‖f‖Lp∧(n+2)(ΩT ) + σ0(2
√
2r).
We note here that
u(x, t)− u(y, s) ≤ u(x, t)− u(y, s) for (x, t), (y, s) ∈ Q2r.
Thus, as in the proof of Proposition 2.5, in view of Lemma 8.23 in [16], it is
standard to find a modulus of continuity ω0 in the assertion.
Remark 3.2. As noted in Section 2.2, if we suppose ϕ, ψ ∈ Cα1(ΩT ) for
α1 ∈ (0, 1), then we can show u ∈ Cα2(ΩT ) for some α2 ∈ (0, α0 ∧ α1]
because we can choose σ0(r) = Cr
α1 for some C > 0 in the above.
3.2. Equi-continuity near ∂pΩT
We next prove that u is equi-continuous near ∂pΩT .
Lemma 3.3. Assume (2.2), (2.3), (2.4), (2.5), (2.6), (2.9), (2.10) and (2.11).
For small ε > 0, there exists a modulus of continuity ω0 such that if u ∈
C(ΩT ) is an L
p-viscosity solution of (1.1) satisfying (2.12), then it follows
that
|u(x, t)− u(y, s)| ≤ ω0(d((x, t), (y, s))) for (x, t), (y, s) ∈ ΩT \ ΩεT .
Proof. Let (x0, t0) ∈ ∂pΩT . For simplicity, we may suppose x0 = 0 ∈ Ω by
translation.
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Case I : 0 ∈ ∂Ω and 0 < t0 ≤ T. Let 0 < r ≤ 12 . As in the proof of Lemma
3.1, we set
u := u ∨ (ϕ(0, t0) + σ0) and u := u ∧ (ψ(0, t0)− σ0),
where σ0 := σ
(
2
√
2r
)
. In view of Proposition 2.3 again, we see that u and
u are, respectively, an Lp-viscosity subsolution and an Lp-viscosity superso-
lution of
ut + P−(D2u)− µ|Du| − f+ = 0, and ut + P+(D2u) + µ|Du|+ f− = 0
in Q2r(0, t0) ∩ ΩT . Now, as in [16, 18] for instance, for s ∈ (0, 1], setting
Ms := sup
Qs(0,t0)∩ΩT
u, and ms := inf
Qs(0,t0)∩ΩT
u,
we define
U :=
{
(u−m2r) ∧ c in Q2r(0, t0) ∩ ΩT ,
c in Q2r(0, t0) \ ΩT ,
and
V :=
{
(M2r − u) ∧ c in Q2r(0, t0) ∩ ΩT ,
c in Q2r(0, t0) \ ΩT ,
where nonnegative constants c and c are given by
c := inf
Q2r(0,t0)∩∂pΩT
u−m2r, and c := M2r − sup
Q2r(0,t0)∩∂pΩT
u.
Hence, it is easy to verify that U and V are nonnegative Lp-viscosity super-
solutions of
ut + P+(D2u) + µˆ|Du|+ |fˆ | = 0 in Q2r(0, t0),
where fˆ and µˆ are zero extensions of f and µ outside of ΩT , respectively. In
view of Proposition 2.4, we have
Θ
1
ε0
0
(
inf
Q2r(0,t0)∩∂pΩT
u−m2r
)
≤ C
(
inf
Qr(0,t0)∩ΩT
u−m2r + rα0‖f‖Lp∧(n+2)(ΩT )
)
,
and
Θ
1
ε0
0
(
M2r − sup
Q2r(0,t0)∩∂pΩT
u
)
≤ C
(
M2r − sup
Qr(0,t0)∩ΩT
u+ rα0‖f‖Lp∧(n+2)(ΩT )
)
.
These inequalities imply that there exists θ0 ∈ (0, 1) such that
Mr −mr ≤ θ0(M2r −m2r) + 2rα0‖f‖Lp(ΩT ) + σ0(2
√
2r) + ωg(2
√
2r),
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where
ωg(r) := sup
{
|g(x, t)− g(y, s)| : (x, t), (y, s) ∈ ∂pΩT
d((x, t), (y, s)) < r
}
.
Therefore, we can find a modulus of continuity ω0 such that
|u(x, t)− u(y, s)| ≤ ω0(d((x, t), (y, s))) for (x, t), (y, s) ∈ (Ω \ Ωε)× [0, T ].
Case II : t0 = 0. Let r ∈ (0, ε]. As in Case I, setting
u := u ∨ (ϕ(0, 0) + σ0), and u := u ∧ (ψ(0, 0)− σ0) in Q2r(0, r2),
where σ0 := σ0
(
2
√
2r
)
, we have
inf
Q2r(0,r2)∩∂pΩT
u−m2r ≤ C
(
inf
Qr(0,r2)∩ΩT
u−m2r + rα0‖f‖Lp∧(n+2)(ΩT )
)
and
M2r − sup
Q2r(0,r2)∩∂pΩT
u ≤ C
(
M2r − sup
Qr(0,r2)∩ΩT
u+ rα0‖f‖Lp∧(n+2)(ΩT )
)
,
where
Ms := sup
Qs(0,
s2
4
)∩ΩT
u, and ms := inf
Qs(0,
s2
4
)∩ΩT
u
for s ∈ (0, 2ε]. Therefore, as in the Case I, we can find a modulus of continuity
ω0 such that
|u(x, t)− u(y, s)| ≤ ω0(d((x, t), (y, s))) for (x, t), (y, s) ∈ Ω× [0, ε2].
Remark 3.4. As in Remark 3.2, if we suppose that ϕ, ψ ∈ Cα1(ΩT \ Ω2εT ),
and g ∈ Cα1(∂pΩT ) for α1 ∈ (0, 1), then u ∈ Cα2(ΩT \ ΩεT ) holds for some
α2 ∈ (0, α0 ∧ α1]
Proof of Theorem 2.9. In view of Lemma 3.1 and 3.3, we immediately obtain
the conclusion.
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4. Existence results
In this section, we present an existence result of Lp-viscosity solutions of (1.1)
under suitable conditions when obstacles are merely continuous.
Using the parabolic mollifier by ρ ∈ C∞0 (Rn+1) with ρ ≥ 0 in Rn+1, ρ ≡ 0
in Rn+1 \Q1 and
∫∫
Rn+1
ρ dxdt = 1, we introduce smooth approximations of
f , µ and F by
fε := f ∗ ρε, µε := µ ∗ ρε
and
Fε(x, t, ξ,X) :=
∫∫
Rn+1
ρε(x− y, t− s)F (y, s, ξ,X) dyds
for (x, t, ξ,X) ∈ Rn+1 × Rn × Sn, where ρε(x, t) := ε−n−2ρ(xε , tε2 ). Here and
later, we use the same notion f , µ and F for their zero extension outside of
ΩT . Under (2.3), (2.4) and (2.5), it is easy to observe that for (x, t, ξ,X) ∈
Rn+1 × Rn × Sn,
(i) P−(X)− µε(x, t)|ξ| ≤ Fε(x, t, ξ,X) ≤ P+(X) + µε(x, t)|ξ|,
(ii) ‖fε‖Lp(Rn+1) ≤ ‖f‖Lp(ΩT ),
(iii) ‖µε‖Lq(Rn+1) ≤ ‖µ‖Lq(ΩT ).
(4.1)
Furthermore, we shall suppose that ϕ and ψ are defined in a neighborhood
of ΩT with the same modulus of continuity. More precisely, there is ε1 > 0
such that for (x, t), (y, s) ∈ Nε1 ,
|ϕ(x, t)− ϕ(y, s)| ∨ |ψ(x, t)− ψ(y, s)| ≤ σ0(d((x, t), (y, s))), (4.2)
where Nε1 := {(x, t) ∈ Rn+1 : dist((x, t),ΩT ) < ε1}. Under (4.2), we define
ϕε and ψε as follows:
ϕε := ϕ ∗ ηε − σ0(
√
2ε), and ψε := ψ ∗ ηε + σ0(
√
2ε).
It is easy to see that for ε ∈ (0, ε1√
2
),
ϕε ≤ g ≤ ψε on ∂pΩT ,
and
|ϕε(x, t)− ϕε(y, s)| ∨ |ψε(x, t)− ψε(y, s)| ≤ σ0(d((x, t), (y, s)))
for (x, t), (y, s) ∈ ΩT .
For ε > 0 and δ > 0, we shall consider approximate equations:
ut + Fε(x, t,Du,D
2u) +
1
δ
(u− ψε)+ − 1
δ
(ϕε − u)+ = fε in ΩT . (4.3)
In order to apply an existence result in [8], we shall suppose the uniform
exterior cone condition on Ω in [22], which is stronger than (2.10).
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Proposition 4.1. Under (2.2), (2.3), (2.4), (2.5), (2.6), (2.9) and (4.2),
we assume the uniform exterior cone condition on Ω. Then, there exists a
C-viscosity solution uδε ∈ C(ΩT ) of (4.3) satisfying (2.12).
We next show an existence result for (1.1) when ϕ, ψ, F and f are smooth.
Theorem 4.2. (cf. Theorem 2.1 in [8]) Under the same hypotheses in Propo-
sition 4.1, let uεδ ∈ C(ΩT ) be C-viscosity solutions of (4.3) satisfying (2.12).
For each small ε > 0, there exist δε > 0 and Cˆε > 0 such that
0 ≤ 1
δ
(uδε − ψε)+ +
1
δ
(ϕε − uδε)+ ≤ Cˆε in ΩT for δ ∈ (0, δε). (4.4)
Furthermore, there exist a subsequence {δk}∞k=1 and uε ∈ C(ΩT ) such that
δk → 0 as k →∞, (2.12) holds for uε,
uδkε → uε uniformly in ΩT , as k →∞, (4.5)
and uε is a (unique) C-viscosity solution of
min{max{ut + Fε(x, t,Du,D2u)− fε, u− ψε}, u− ϕε} = 0 in ΩT . (4.6)
Proof. To prove the estimate on 1
δ
(ϕε−uδε)+, independent of δ, we let (x0, t0) ∈
ΩT satisfy that
max
ΩT
1
δ
(ϕε − uδε)+ =
1
δ
(ϕε − uδε)(x0, t0)+ > 0.
Thus, we observe that uδε − ϕε attains its minimum at (x0, t0) ∈ ΩT . Hence,
the definition implies
0 ≤ 1
δ
(ϕε − uδε)+ ≤ (ϕε)t + Fε(x0, t0, Dϕε, D2ϕε)− fε at (x0, t0)
because of 1
δ
(uδε − ψε)(x0, t0)+ = 0.
It follows from the same argument that the estimate on 1
δ
(uδε−ψε)+ holds.
Thus, we conclude the first assertion (4.4). This implies the L∞ bound of uδε
independent of δ ∈ (0, 1) for each ε ∈ (0, 1).
By regarding the penalty term as the right hand side, it is standard to
establish the equi-continuity and uniform boundedness of {uδε}δ>0 for each
ε > 0. Therefore, by Ascoli-Arzela` theorem, we can find a subsequence
{uδkε }∞k=1 and uε ∈ C(ΩT ) satisfying (4.5).
We shall show that uε is a C-viscosity supersolution of (4.6) by contra-
diction. Thus, we suppose that uε − η attains its local strict minimum at
(x0, t0) ∈ ΩT for η ∈ C2,1(ΩT ), and
min{max{ηt + Fε(x0, t0, Dη,D2η)− fε, uε − ψε}, uε − ϕε} ≤ −2θ at (x0, t0)
(4.7)
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for some θ > 0. By the uniform convergence, we may suppose that uδkε − η
attains its local minimum at (xδk , tδk) ∈ ΩT , where (xδk , tδk) → (x0, t0) as
k →∞. For simplicity, we shall write δ for δk.
By (4.7), since we may suppose that
(uδε − ψε)(xδ, tδ) ≤ −θ for small δ > 0,
we have 1
δ
(uδε − ψε)+ = 0 at (xδ, tδ). Hence, sending k → ∞ in (4.3) with
δ = δk, we obtain
ηt + Fε(x0, t0, Dη,D
2η) ≥ fε at (x0, t0),
which together with (4.7) yields
(uδε − ϕε)(xδ, tδ) ≤ −θ
for small δ > 0. However, this together with (4.4) yields a contradiction for
large k ≥ 1.
Now, we shall show our proof of Theorem 2.10.
Proof of Theorem 2.10. Let uε ∈ C(ΩT ) be C-viscosity solutions of (4.6)
satisfying (2.12) in Theorem 4.2. In view of Lemma 2.9 in [9], since Fε and
fε are continuous, it is known to see that uε is an L
p-viscosity solution of
(4.6). Furthermore, recalling (4.1), from Theorem 2.9, there is a modulus of
continuity ω0, independent of ε, such that
|uε(x, t)− uε(y, s)| ≤ ω0(d((x, t), (y, s))) for (x, t), (y, s) ∈ ΩT .
This together with Proposition 2.8 implies that there are a subsequence εk >
0 and u ∈ C(ΩT ) such that εk → 0 as k → ∞, and uεk converges to u
uniformly in ΩT . In what follows, we shall write ε for εk.
It remains to show that u is an Lp-viscosity solution of (1.1). Suppose
by contradiction that for some η ∈ W 2,1p (ΩT ), u − η attains its local strict
minimum at (x0, t0) ∈ ΩT , and
min{max{ηt + F (x, t,Dη,D2η)− f, u− ψ}, u− ϕ} ≤ −2θ
a.e. in Q2r(x0, t0) b ΩT for some θ, r > 0. For the sake of simplicity, we may
suppose that (x0, t0) = (0, 0). Since we may suppose that for small ε > 0,
(uε − ψε) ≤ −θ in Qr,
it suffices to consider the case when uε is an L
p-viscosity supersolution of
min
{
ut + Fε(x, t,Du,D
2u)− fε, u− ϕε
}
= 0 in Qr. (4.8)
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Thus, Proposition 2.8 implies that
u ≥ ϕ in Qr.
Hence, η ∈ W 2,1p (Qr) satisfies that
ηt + F (x, t,Dη,D
2η) ≤ f − θ a.e. in Qr. (4.9)
On the other hand, following the argument in the proof of Theorem 4.1 in
[6], since uε is an L
p-viscosity supersolution of (4.8) together with the uniform
convergence of uε to u, we see that u is an L
p-viscosity supersolution of
ut + F (x, t,Du,D
2u)− f = 0 in Qr,
which contradicts (4.9). In order to apply the stability result in [9], we only
note that µDη ∈ Lp(Qr) holds true since q > n + 2, and η ∈ W 2,1p (Qr) for
q ≥ p though µ may not be in L∞ in (2.5).
5. Local Ho¨lder continuity of the space deriva-
tive
5.1. Estimates in the non-coincidence set
We first note that Lp-viscosity solutions u ∈ C(ΩT ) of (1.1) are also Lp-
viscosity solutions of
ut + F (x, t,Du,D
2u)− f = 0 in N [u].
For any compact set K b N [u], where u ∈ C(ΩT ) is an Lp-viscosity
solution of (1.1), we first show that Du ∈ Cβ(K) for some β ∈ (0, 1).
Proposition 5.1. (cf. Theorem 7.3 in [9]) Assume (2.13), (2.3), (2.4), (2.5).
Let β ∈ (0, βˆ∧β0) be fixed, where βˆ is from Proposition 2.7, and β0 = 1− n+2p .
Then, there are δ0 > 0 and r1 > 0, depending on n, Λ, λ, p, q and β, such
that if u ∈ C(ΩT ) is an Lp-viscosity solution of (1.1), and if (2.15) holds for
ε = r1, then u ∈ C1,β(Nr1 [u]). Moreover, if Q2R(x, t) ⊂ Nr1 [u], then there is
C > 0, depending on n, Λ, λ, p, q, β, δ0, r1, ‖µ‖Lq(ΩT ), such that
|Du(y, s)−Du(z, τ)|
d((y, s), (z, τ))β
≤ C
R1+β
(‖u‖L∞(ΩT ) +R1+β0‖f‖Lp(ΩT ))
for (y, s), (z, τ) ∈ QR(x, t) with (y, s) 6= (z, τ).
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Before going to the proof of Proposition 5.1, we first show a lemma cor-
responding to Lemma 6.3 in [9].
In the next lemma, for a modulus of continuity σ and a constant κ > 0,
we use the space
C(σ, κ;Q1) :=
{
h ∈ C(Q1) : |h(x, t)− h(y, s)| ≤ σ(d((x, t), (y, s))) for(x, t), (y, s) ∈ ∂pQ1, and ‖h‖L∞(Q1) ≤ κ
}
.
For ζ∗ ∈ Rn, which will be fixed in the proof of Proposition 5.1, we also
introduce
G(x, t, ξ,X) := F (x, t, ξ + ζ∗, X)− F (x, t, ξ,X).
Note that
g∗(x, t) := sup {|G(x, t, ξ,X)| : ξ ∈ Rn, X ∈ Sn} ≤ |ζ∗|µ(x, t).
Lemma 5.2. (cf. Lemma 6.3 in [9]) Assume (2.13). Let σ be a modulus of
continuity, and let κ > 0 and p′ ∈ (n + 2, p) be constants. Then, for any
ε > 0, there exists δ1 = δ1(ε, p
′, n,Λ, λ, p, q, σ, κ) ∈ (0, 1) such that if f, µ and
F in (2.3), (2.4) and (2.5) for ΩT = Q1, respectively, satisfy
‖f‖Ln+2(Q1) ∨ ‖µ‖Lp′ (Q1) ∨ ‖g∗‖Ln+2(Q1) ∨ ‖θ((0, 0), ·)‖Ln+2(Q1) ≤ δ1, (5.1)
then for any two Lp-viscosity solutions v and h ∈ C(σ, κ;Q1) of
vt + F (x, t,Dv,D
2v) +G(x, t,Dv,D2v)− f = 0 in Q1
and
ht + F (0, 0, 0, D
2h) = 0 in Q1,
respectively, satisfying (v − h)|∂pQ1 = 0, it follows that
‖v − h‖L∞(Q1) ≤ ε.
Remark 5.3. We notice that ‖µ‖Lp′ (Q1) ≤ δ1 in (5.1) for p′ ∈ (n + 2, p)
because we do not know if the equi-continuity of vk holds true in the proof
below when p′ = n+ 2.
Proof. We argue by contradiction. Suppose that there are εˆ > 0, ζ∗k ∈ Rn,
vk, hk ∈ C(σ, κ;Q1), fk ∈ Lp(Q1), µk ∈ Lq(Q1) and Fk : Q1 × Rn × Sn → R
satisfying that
Fk(x, t, 0, O) = 0, and
P−(X − Y )− µk(x, t)|ξ − ζ| ≤ Fk(x, t, ξ,X)− Fk(x, t, ζ, Y )
≤ P+(X − Y ) + µk(x, t)|ξ − ζ|
(5.2)
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for (x, t) ∈ Q1, ξ, ζ ∈ Rn, X, Y ∈ Sn such that
‖fk‖Ln+2(Q1) ∨ ‖µk‖Lp′ (Q1) ∨ ‖g∗k‖Ln+2(Q1) ∨ ‖θk((0, 0), ·)‖Ln+2(Q1) ≤
1
k
, (5.3)
where g∗k(x, t) := sup {|Fk(x, t, ξ + ζ∗k , X)− Fk(x, t, ξ,X)| : ξ ∈ Rn, X ∈ Sn},
and
θk((x, t), (y, s)) := sup
X∈Sn
|Fk(x, t, 0, X)− Fk(y, s, 0, X)|
1 + ‖X‖ .
Furthermore, by setting Gk(x, t, ξ,X) := Fk(x, t, ξ + ζ
∗
k , X) − Fk(x, t, ξ,X),
we suppose that vk and hk are, respectively, L
p-viscosity solutions of
(vk)t + Fk(x, t,Dvk, D
2vk) +Gk(x, t,Dvk, D
2vk)− fk = 0 in Q1
and
(hk)t + Fk(0, 0, 0, D
2hk) = 0 in Q1,
which satisfy that (vk − hk)|∂pQ1=0, and
‖vk − hk‖L∞(Q1) ≥ εˆ. (5.4)
In view of Ascoli-Arzela` theorem, we can find v, h ∈ C(σ, κ;Q1) such that
vk → v and hk → h in C(Q1) as k → ∞, and v = h on ∂pQ1. By (5.2), we
may suppose that Fk(0, 0, 0, X) converges F∞(X) uniformly in any compact
sets in Sn, which satisfies that
F∞(O) = 0, and P−(X − Y ) ≤ F∞(X)− F∞(Y ) ≤ P+(X − Y ).
We also notice that by (5.2) and (5.3), for η ∈ W 2,1n+2(Q1) and Qr(x0, t0) b Q1,
we have
‖Fk(·, Dη(·), D2η(·))− F∞(D2η(·))‖Ln+2(Qr(x0,t0)) → 0 as k →∞.
Hence, since F∞ is continuous, in view of Theorem 6.1 in [9], we verify that
v and h are Ln+2-viscosity (thus, C-viscosity) solutions of
F∞(D2u) = 0 in Q1.
Therefore, the comparison principle implies that v = h in Q1, which contra-
dicts (5.4).
Although our proof of Proposition 5.1 follows by the same argument as
in [9], we give a proof because we need some modification.
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Proof of Proposition 5.1. Let β ∈ (0, βˆ ∧ β0) and p′ ∈ (n + 2, p) be fixed
constants, where βˆ is from Proposition 2.7, and β0 := 1− n+2p . Without loss
of generality, we can assume that (x, t) = (0, 0) and R = 1 hereafter. We
choose
K1 = K1
(
n,Λ, λ, p, q, ‖µ‖Lq(Q2)
)
and αˆ = αˆ
(
n,Λ, λ, p, q, ‖µ‖Lq(Q2)
)
in Proposition 2.5 for R = 1.
For small τ ∈ (0, 1), which will be fixed later, setting
ε := K2τ
1+βˆ,
where K2 = K2(n,Λ, λ) is the constant in Proposition 2.7, we choose δ1 =
δ1(ε, p
′, n,Λ, λ, p, q, σ) ∈ (0, 1) in Lemma 5.2 for κ = 1, where the modulus
of continuity σ is given by
σ(r) = K1r
αˆ.
Now, for ρ ∈ (0, 1), which will be fixed later, we set uˆ(x, t) := 1
N
u(ρx, ρ2t),
where
N := 2‖u‖L∞(Q2) +
21+β
δ1
sup
0<r≤2
1
rβ
‖f‖Ln+2(Qr).
We notice that N <∞.
For τ ∈ (0, τ0], where τ0 := 2−
1
β , we prove by induction that there is a
sequence of affine functions `k(x) = ak + 〈bk, x〉 such that
vk = vk(x, t) := τ
−k(1+β) (uˆ(τ kx, τ 2kt)− `k(τ kx))
satisfies that
(i) ‖vk‖L∞(Q2) ≤ 1
(ii) |ak − ak−1| ∨
(
τ k−1|bk − bk−1|
) ≤ K2τ (k−1)(1+β)
(iii) |vk(x, t)− vk(y, s)| ≤ K1d((x, t), (y, s))αˆ for (x, t), (y, s) ∈ Q1,
(5.5)
where `−1 = `0 ≡ 0.
For k = 0, since v0 = uˆ, by the definition of N , the inequality (i) holds
for k = 0 while (ii) is trivially satisfied for k = 0. Since uˆ is an Lp-viscosity
subsolution and an Lp-viscosity supersolution, respectively, of
ut +P−(D2u)− µˆ|Du| − fˆ = 0 and ut +P+(D2u) + µˆ|Du| − fˆ = 0 in Q2,
where µˆ(x, t) = ρµ(ρx, ρ2t) and fˆ(x, t) = ρ
2
N
f(ρx, ρ2t), it follows from Propo-
sition 2.5 that
|uˆ(x, t)− uˆ(y, s)| ≤ K1d((x, t), (y, s))αˆ
(
‖uˆ‖L∞(Q2) +
1
N
‖f‖Ln+2(Q2)
)
≤ K1d((x, t), (y, s))αˆ
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for (x, t), (y, s) ∈ Q1, which is (iii) for k = 0. Notice that the last inequality
is derived because of our choice of δ1 and N .
By induction, assume that (5.5) holds for k = j. We observe that vj is
an Lp-viscosity solution of
ut + Fj(x, t,Du,D
2u) +Gj(x, t,Du,D
2u)− fj = 0 in Q2,
where
Fj(x, t, ξ,X) :=
ρ2τ j(1−β)
N
F
(
ρτ jx, ρ2τ 2jt,
Nτ jβ
ρ
ξ,
N
ρ2τ j(1−β)
X
)
,
Gj(x, t, ξ,X) := Fj(x, t, ξ + τ
−jβbj, X)− Fj(x, t, ξ,X),
fj(x, t) :=
ρ2τ j(1−β)
N
f(ρτ jx, ρ2τ 2jt).
We notice that ζ∗ in G in Lemma 5.2 corresponds to τ−jβbj. We note that
for (x, t) ∈ Q2, ξ, ζ ∈ Rn, X, Y ∈ Sn,
Fj(x, t, 0, O) = 0, and
P−(X − Y )− µj(x, t)|ξ − ζ| ≤ Fj(x, t, ξ,X)− Fj(x, t, ζ, Y )
≤ P+(X − Y ) + µj(x, t)|ξ − ζ|,
where µj(x, t) := ρτ
jµ(ρτ jx, ρ2τ 2jt). Also, since
|Gj(x, t, ξ,X)| ≤ ρ|bj|τ j(1−β)µ(ρτ jx, ρ2τ 2jt) for (x, t, ξ,X) ∈ Q2 × Rn × Sn,
setting g∗j (x, t) := sup{|Gj(x, t, ξ,X)| : ξ ∈ Rn, X ∈ Sn}, we have
‖g∗j‖Ln+2(Q2) ≤
|bj|
τ jβ
‖µ‖Ln+2(Q
2ρτj
) ≤ 2β0ωnρβ0τ j(β0−β)|bj|‖µ‖Lp(Q2ρτj ), (5.6)
where ωn := |B1|
1
n+2
− 1
p . By induction, we have
|bj| ≤ K2
j−1∑
k=0
τ kβ ≤ K2
1− τβ ≤ 2K2 (5.7)
because 0 < τ ≤ τ0 = 2−
1
β . Simple calculations together with our choice of
N and (5.6) give
(1) ‖fj‖Ln+2(Q2) ≤ δ12 ,
(2) ‖µj‖Lp′ (Q2) ≤ (ρτ j)1−
n+2
p′ ‖µ‖Lp′ (Q
2ρτj
) ≤ ρ1−
n+2
p′ ‖µ‖Lp′ (Q
2ρτj
),
(3) ‖g∗j‖Ln+2(Q2) ≤ 2β0+1K2ωnρβ0‖µ‖Lp(Q2ρτj ).
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Now, we can choose ρ ∈ (0, 1), independent of j ≥ 0, such that
‖µj‖Lp′ (Q1) ∨ ‖g∗j‖Ln+2(Q1) ≤ δ1, and ρ ≤
√
N.
Because ρ ≤ √N , assuming (2.15) for δ0 = δ1 > 0, we have
‖θj((0, 0), ·)‖Ln+2(Q1) ≤
1
ρτ j
‖θ((0, 0), ·)‖Ln+2(Q
ρτj
) ≤ δ1,
where θj((x, t), (y, s)) := supX∈Sn |Fj(x, t, 0, X)− Fj(y, s, 0, X)|/(1 + ‖X‖).
Let h ∈ C(Q1) be a C-viscosity solution of
ut + Fj(0, 0, 0, D
2u) = 0 in Q1
satisfying h = vj on ∂pQ1. Hence, in view of Lemma 5.2 and Proposition 2.7,
we have
‖vj − h‖L∞(Q1) ≤ ε = K2τ 1+βˆ and ‖h‖C1,βˆ(Q 1
2
) ≤ K2‖h‖L∞(Q1) ≤ K2.
(5.8)
We define
`j+1(x) := `j(x) + τ
j(1+β)
(
h(0, 0) +
〈
Dh(0, 0),
x
τ j
〉)
.
Since the definition of vj+1 can be written by
vj+1(x, t)
= τ−(j+1)(1+β)
(
uˆ(τ j+1x, τ 2(j+1)t)− `j+1(τ j+1x)
)
= τ−(j+1)(1+β)
{
uˆ(τ j+1x, τ 2(j+1)t)− `j(τ j+1x)− τ j(1+β) (h(0, 0)
+〈Dh(0, 0), τx〉)}
= τ−(1+β)
(
vj(τx, τ
2t)− h(0, 0)− 〈Dh(0, 0), τx〉) ,
it follows from (5.8) that for τ ∈ (0, τ1], where τ1 := τ0∧(2K22 32 (1+βˆ))−
1
βˆ−β ,
‖vj+1‖L∞(Q2) ≤ τ−(1+β)
{
‖vj − h‖L∞(Q2τ ) +K2
(√
(2τ)2 + 4τ 2
)1+βˆ}
≤ τ−(1+β)
(
K2τ
1+βˆ +K22
3
2
(1+βˆ)τ 1+βˆ
)
≤ 2K22 32 (1+βˆ)τ βˆ−β, (5.9)
which yields (i) of (5.5) for k = j+ 1. Noting that aj+1− aj = τ j(1+β)h(0, 0),
bj+1 − bj = τ jβDh(0, 0) and the second inequality of (5.8), we obtain (ii) of
(5.5) for k = j + 1.
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It remains to show (iii) of (5.5) for k = j+1. Since vj+1 is an L
p-viscosity
subsolution and an Lp-viscosity supersolution, respectively of
ut + P−(D2u)− µj+1|Du| − fj+1 − g∗j+1 = 0 in Q2
and
ut + P+(D2u) + µj+1|Du| − fj+1 + g∗j+1 = 0 in Q2,
by Proposition 2.5 and (5.9), we have
|vj+1(x, t)− vj+1(y, s)|
d((x, t), (y, s))αˆ
≤ K1
(
2K22
3
2
(1+βˆ)τ βˆ−β +
δ1
2
+ ‖g∗j+1‖Ln+2(Q2)
)
(5.10)
for (x, t), (y, s) ∈ Q1 with (x, t) 6= (y, s). By the same manner as (5.6) and
(5.7), we have
‖g∗j+1‖Ln+2(Q2) ≤ 2β0ωnρβ0τ (j+1)(β0−β)|bj+1|‖µ‖Lp(Q2ρτj+1 )
≤ 21+β0ωnτβ0−βK2‖µ‖Lp(Q2).
Hence, combining this inequality with (5.10), we can choose smaller τ > 0,
if necessary, to obtain (iii) of (5.5) for k = j + 1.
By (ii) of (5.5), we find a∞ ∈ R and b∞ ∈ Rn such that (ak, bk)→ (a∞, b∞)
as k →∞. For any (x, t) ∈ Q1, we choose k ∈ N ∪ {0} such that
(x, t) ∈ Qτk \Qτk+1 .
Since (x, t) 6∈ Qτk+1 , (i) of (5.5) implies
|uˆ(x, t)− ak − 〈bk, x〉| ≤ τ k(1+β) ≤ τ−1−β
(|x|2 + |t|) 1+β2 .
By sending k →∞ in the above, it follows
|uˆ(x, t)− a∞ − 〈b∞, x〉| ≤ τ−1−β
(|x|2 + |t|) 1+β2 .
Therefore, we obtain the local Ho¨lder continuity of Du with exponent β by
Lemma A.1 in [1].
5.2. Estimates near the coincidence set
Following the idea in [26] (see also [23], [10]), we next prove that the space
derivative of Lp-viscosity solutions u of (1.1) is Ho¨lder continuous with the
Ho¨lder exponent β2 := β0 ∧ β1 at coincidence points, where u touches one
of the obstacles. We remark that we cannot apply the argument for elliptic
equations (cf. [20]) because Qr(0,−3r2) and Qr in (2.8) are disjoint.
In what follows, we use the notation
Q+r := Br × (−r2, r2] and Q+r (x, t) := (x, t) +Q+r .
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Lemma 5.4. Assume (2.13), (2.3), (2.4), (2.5) and (2.14). Then, for small
ε > 0, there exists Cˆ0 = Cˆ0(ε) > 0 such that if u ∈ C(ΩT ) is an Lp-
viscosity solution of (1.1) in ΩT , and (x0, t0) ∈ C+[u] ∩ ΩεT (resp., (x0, t0) ∈
C−[u] ∩ ΩεT ), then it follows that
|u(x, t)− ψ(x0, t0)− 〈Dψ(x0, t0), x− x0〉| ≤ Cˆ0r1+β2(
resp., |u(x, t)− ϕ(x0, t0)− 〈Dϕ(x0, t0), x− x0〉| ≤ Cˆ0r1+β2
)
for (x, t) ∈ Q+r (x0, t0)∩ΩT . In particular, u has a space derivative at (x0, t0),
and
Du(x0, t0) = Dψ(x0, t0) (resp., Du(x0, t0) = Dϕ(x0, t0)) .
Before going to the proof of Lemma 5.4, we first show a lemma corre-
sponding to Lemma 2.1 in [26].
In the next lemma, for ζ∗ ∈ Rn and R∗ ≥ 0, which will be fixed in the
proof of Lemma 5.4, we introduce
G(x, t, ξ,X) := F (x, t, ξ + ζ∗, X)− F (x, t, ξ,X),
Q∗r := Br ×
(−r2, r2 ∧ (R∗r2)] and Q∗r(x, t) := (x, t) +Q∗r.
We notice that Q∗r = Q
+
r if R
∗ ≥ 1, and Q∗r = Qr if R∗ = 0. We also note
that
g∗(x, t) := sup
(ξ,X)∈Rn×Sn
|G(x, t, ξ,X)| ≤ |ζ∗|µ(x, t) and Q∗r ⊂ Q+r .
Lemma 5.5. Under (2.13), we assume that
Φ,Ψ ∈ C1,β1(Q∗1) for β1 ∈ (0, 1), and Φ ≤ Ψ in Q∗1.
Then, there exist δ2 ∈ (0, 1) and ν ∈ (0, 1), depending on n, Λ, λ, p, q and
β1 such that if f, µ and F in (2.3), (2.4) and (2.5) for ΩT := Q
∗
1, respectively,
satisfy
‖f‖Lp(Q∗1) ∨ ‖µ‖Lq(Q∗1) ∨ ‖g∗‖Lp(Q∗1) ≤ δ2 (5.11)
and
‖Ψ‖L∞(Q∗r) ∨ sup
(x,t)∈Q∗r
|Φ(x, t)− Φ(0, 0)− 〈DΦ(0, 0), x〉| ≤ δ2r1+β1 (5.12)
(
resp., ‖Φ‖L∞(Q∗r) ∨ sup
(x,t)∈Q∗r
|Ψ(x, t)−Ψ(0, 0)− 〈DΨ(0, 0), x〉| ≤ δ2r1+β1
)
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for r ∈ (0, 1], then, for any Lp-viscosity solution u ∈ C(Q∗1) of
min{max{ut + F (x, t,Du,D2u) +G(x, t,Du,D2u)− f, u−Ψ}, u− Φ} = 0
(5.13)
in Q∗1 satisfying
inf
Q∗1
u ≥ −1, and u(0, 0) = Ψ(0, 0) = 0
(
resp., sup
Q∗1
u ≤ 1, and u(0, 0) = Φ(0, 0) = 0
)
,
it follows that
inf
Q∗ν
u ≥ −ν1+β1
(
resp., sup
Q∗ν
u ≤ ν1+β1
)
.
Remark 5.6. We will choose Φ and Ψ in (5.22) and (5.23), respectively.
Proof. We only show a proof when u(0, 0) = Ψ(0, 0) because the other one
can be shown similarly.
We argue by contradiction. Thus, suppose that there are ζ∗k ∈ Rn, R∗k > 0,
Φk, Ψk ∈ C1,β1(Q∗1,k) with Φk ≤ Ψk in Q∗1,k, uk ∈ C(Q∗1,k), fk ∈ Lp(Q∗1,k),
µk ∈ Lq(Q∗1,k) and Fk : Q∗1,k ×Rn × Sn → R satisfying (2.5) with ΩT = Q∗1,k;
Fk(x, t, 0, O) = 0, and
P−(X − Y )− µk(x, t)|ξ − ζ| ≤ Fk(x, t, ξ,X)− Fk(x, t, ζ, Y )
≤ P+(X − Y ) + µk(x, t)|ξ − ζ|
for (x, t) ∈ Q∗1,k, ξ, ζ ∈ Rn, X, Y ∈ Sn (for k ∈ N) such that
‖fk‖Lp(Q∗1,k) ∨ ‖µk‖Lq(Q∗1,k) ∨ ‖g∗k‖Lp(Q∗1,k) ∨ ck ∨ dk ≤
1
k
, (5.14)
inf
Q∗1,k
uk ≥ −1, (5.15)
uk(0, 0) = Ψk(0, 0) = 0, and
inf
Q∗ν,k
uk < −ν1+β1 for any ν ∈ (0, 1), (5.16)
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where
Q∗r,k := Br ×
(−r2, r2 ∧ (R∗kr2)] for r ∈ (0, 1],
g∗k(x, t) := sup {|Fk(x, t, ξ + ζ∗k , X)− Fk(x, t, ξ,X)| : ξ ∈ Rn, X ∈ Sn} ,
ck := sup
r∈(0,1]
1
r1+β1
‖Ψk‖L∞(Q∗r,k),
dk := sup
r∈(0,1]
sup
(x,t)∈Q∗r,k
1
r1+β1
|Φk(x, t)− Φk(0, 0)− 〈DΦk(0, 0), x〉|.
Moreover, by setting
Gk(x, t, ξ,X) := Fk(x, t, ξ + ζ
∗
k , X)− Fk(x, t, ξ,X),
uk are L
p-viscosity solutions of (5.13) in Q∗1,k, where F , G, f , Φ and Ψ are
replaced, respectively, by Fk, Gk, fk, Φk and Ψk.
Since uk ≤ Ψk in Q∗1,k, it follows by (5.14) and (5.15) that
‖uk‖L∞(Q∗1,k) ≤ 1. (5.17)
Now, for r ∈ (0, 1], by Proposition 2.3, we see that
uk ∨
(
Φk(0, 0) + 〈DΦk(0, 0), x〉+ dkr1+β1
)
and uk ∧ (−ckr1+β1)
are an Lp-viscosity subsolution and an Lp-viscosity supersolution, respec-
tively, of
ut + P−(D2u)− µk|Du| − g∗k − f+k = 0 in Q∗r,k
and
ut + P+(D2u) + µk|Du|+ g∗k + f−k = 0 in Q∗r,k.
Hence, by the same argument as in Lemma 3.1, recalling (5.14) and (5.17),
we can find γˆ ∈ (0, 1) and C˜0 > 0, independent of k, such that
‖uk‖Cγˆ(Q∗1
2 ,k
) ≤ C˜0.
Because 1 ∧R∗k ∈ [0, 1], we may suppose that
1 ∧R∗k → R∗∞ as k →∞ for some R∗∞ ∈ [0, 1].
Case I : R∗∞ = 0.Using Ascoli-Arzela` theorem, we may suppose that uk →
u∞ in C(Q 1
2
) as k →∞ for some u∞ ∈ C(Q 1
2
). By (5.14), (5.15) and (5.16),
sending k →∞, we may have
−1 ≤ u∞ ≤ 0 in Q 1
2
, and inf
Qν
u∞ ≤ −ν1+β1 for ν ∈
(
0,
1
2
]
. (5.18)
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Next, setting
uk := uk ∨
(
Φk(0, 0) + 〈DΦk(0, 0), x〉+ dk
21+β1
)
, and uk := uk ∧
(
− ck
21+β1
)
,
we claim that uk and uk converge to u∞ uniformly in Q 1
2
. Indeed, since for
(x, t) ∈ Q 1
2
,
0 ≤ (uk − uk)(x, t) =
(
Φk(0, 0) + 〈DΦk(0, 0), x〉+ dk
21+β1
− uk(x, t)
)+
≤
(
−Φk(x, t) + Φk(0, 0) + 〈DΦk(0, 0), x〉+ dk
21+β1
)+
≤ 2−β1dk,
it follows that
‖uk − u∞‖L∞(Q 1
2
) ≤ ‖uk − uk‖L∞(Q 1
2
) + ‖uk − u∞‖L∞(Q 1
2
)
≤ 2−β1dk + ‖uk − u∞‖L∞(Q 1
2
).
In contrast, since for (x, t) ∈ Q 1
2
,
0 ≤ (uk − uk)(x, t) =
(
uk(x, t) +
ck
21+β1
)+
≤
(
Ψk(x, t) +
ck
21+β1
)+
≤ 2−β1ck,
we have
‖uk − u∞‖L∞(Q 1
2
) ≤ 2−β1ck + ‖uk − u∞‖L∞(Q 1
2
).
Hence, uk → u∞, uk → u∞ uniformly in Q 1
2
as k →∞.
Passing to the limit, by Theorem 6.1 in [9], we see that u∞ is a C-viscosity
subsolution and a C-viscosity supersolution, respectively, of
ut + P−(D2u) = 0 in Q 1
2
, and ut + P+(D2u) = 0 in Q 1
2
. (5.19)
Because −u∞ ≥ 0 in Q 1
2
and −u∞(0, 0) = 0, the strong maximum principle
yields
−u∞ ≡ 0 in Q 1
2
, (5.20)
which contradicts (5.18).
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Case II : R∗∞ > 0. Set Q
′ := B 1
2
×(−1
4
, R
∗∞
8
]. Using Ascoli-Arzela` theorem,
we may suppose that uk → u∞ in C(Q′) as k → ∞ for some u∞ ∈ C(Q′).
By (5.14), (5.15) and (5.16), sending k →∞, we may have
−1 ≤ u∞ ≤ 0 in Q′, and inf
Bν×(−ν2,R∗∞ν2]
u∞ ≤ −ν1+β1 for ν ∈
(
0,
1
2
√
2
]
.
(5.21)
As in Case I, since u∞ is also a C-viscosity subsolution and a C-viscosity
supersolution of (5.19) in Q′, it follows that (5.20) holds.
Now, setting
η(x, t) := −4|x|2 − 8nΛt,
we observe that
ηt + P+(D2η) = 0 in B 1
2
×
(
0,
R∗∞
8
]
,
η ≤ −1 on ∂B 1
2
×
(
0,
R∗∞
8
)
, and η ≤ 0 in B 1
2
× {0}.
Hence, because η ≤ u∞ in ∂p(B 1
2
× (0, R∗∞
8
]), the comparison principle yields
η ≤ u∞ in B 1
2
× (0, R∗∞
8
]. Moreover, by (5.20) and (5.21), for ν ∈ (0, 1
2
√
2
], we
have
−ν1+β1 ≥ inf
Bν×(−ν2,R∗∞ν2]
u∞ = inf
Bν×(0,R∗∞ν2]
u∞ ≥ −4(1 + 2nΛR∗∞)ν2.
Therefore, for ν small enough such that 4(1 + 2nΛR∗∞)ν
1−β1 < 1, we obtain
a contradiction.
Now, we shall show our proof of Lemma 5.4.
Proof of Lemma 5.4. We only consider the estimate near C+[u] because the
other one can be shown similarly.
We fix (x0, t0) ∈ C+[u] ∩ ΩεT ; (u − ψ)(x0, t0) = 0. For ρ ∈ (0, ε], which
will be fixed later, denoting Qˆs by Q
∗
s with R
∗ = T−t0
ρ2
;
Qˆs := Bs ×
(
−s2, s2 ∧
(
T − t0
ρ2
s2
)]
for s ∈ (0, 1],
and setting
uˆ(x, t) := u(x0 + ρx, t0 + ρ
2t)− ψ(x0, t0)− 〈Dψ(x0, t0), ρx〉 for (x, t) ∈ Qˆ1,
29
we see that uˆ is an Lp-viscosity solution of (5.13) in Qˆ1, where F , G, f , ϕ,
ψ are replaced, respectively, by
Fˆ (x, t, ξ,X) := ρ2F
(
x0 + ρx, t0 + ρ
2t,
1
ρ
ξ,
1
ρ2
X
)
,
Gˆ(x, t, ξ,X) := Fˆ (x, t, ξ + ρDψ(x0, t0), X)− Fˆ (x, t, ξ,X)
fˆ(x, t) := ρ2f(x0 + ρx, t0 + ρ
2t),
Φ(x, t) := ϕ(x0 + ρx, t0 + ρ
2t)− ψ(x0, t0)− 〈Dψ(x0, t0), ρx〉, (5.22)
Ψ(x, t) := ψ(x0 + ρx, t0 + ρ
2t)− ψ(x0, t0)− 〈Dψ(x0, t0), ρx〉. (5.23)
We notice that ζ∗ in G of Lemma 5.5 corresponds to ρDψ(x0, t0). We note
that for (x, t) ∈ Qˆ1, ξ, ζ ∈ Rn, X, Y ∈ Sn,
Fˆ (x, t, 0, O) = 0, and
P−(X − Y )− µˆ(x, t)|ξ − ζ| ≤ Fˆ (x, t, ξ,X)− Fˆ (x, t, ζ, Y )
≤ P+(X − Y ) + µˆ(x, t)|ξ − ζ|,
where µˆ(x, t) := ρµ(x0 + ρx, t0 + ρ
2t). Also, since
|Gˆ(x, t, ξ,X)| ≤ ρ|Dψ(x0, t0)|µˆ(x, t) for (x, t, ξ,X) ∈ Qˆ1 × Rn × Sn,
setting gˆ∗(x, t) := sup{|Gˆ(x, t, ξ,X)| : ξ ∈ Rn, X ∈ Sn}, we have
‖gˆ∗‖Lp(Qˆ1) ≤ ρ1+β0|Dψ(x0, t0)|‖µ‖Lp(ΩT ).
Standard calculations give
‖fˆ‖Lp(Qˆ1) ≤ ρ1+β0‖f‖Lp(ΩT ), ‖µˆ‖Lq(Qˆ1) ≤ ρ1−
n+2
q ‖µ‖Lq(ΩT ),
and
‖Ψ‖L∞(Qˆr) ∨ sup
(x,t)∈Qˆr
|Φ(x, t)− Φ(0, 0)− 〈DΦ(0, 0), x〉| ≤ Cˆ1ρ1+β1r1+β1
for r ∈ (0, 1], where Cˆ1 is a constant depending only on ‖ϕ‖C1,β1 (ΩT ) and
‖ψ‖C1,β1 (ΩT ). Thus, we can choose small ρ ∈ (0, ε] such that
‖fˆ‖Lp(Qˆ1) ∨ ‖µˆ‖Lq(Qˆ1) ∨ ‖gˆ∗‖Lp(Qˆ1) ≤ δ2 (5.24)
and
‖Ψ‖L∞(Qˆr) ∨ sup
(x,t)∈Qˆr
|Φ(x, t)− Φ(0, 0)− 〈DΦ(0, 0), x〉| ≤ δ2r1+β1 (5.25)
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for r ∈ (0, 1], where δ2 = δ2(n,Λ, λ, p, q, β1) ∈ (0, 1) is from Lemma 5.5. By
Lemma 3.1, there exist γ = γ(ε) ∈ (0, 1) and K = K(ε) > 0 such that
‖u(·, ·)− u(x0, t0)‖L∞(Q+r (x0,t0)∩ΩT ) ≤ Krγ for r ∈ (0, ε].
Hence, we can choose smaller ρ > 0, if necessary, such that
inf
Qˆ1
uˆ ≥ −1. (5.26)
Next, in order to show the assertion of Lemma 5.4, we notice that it is
sufficient to prove that
inf
Qˆ
νk
uˆ ≥ −νk(1+β2) for k ≥ 0, (5.27)
where ν ∈ (0, 1) is the constant in Lemma 5.5.
For k = 0, by (5.26), the inequality (5.27) holds for k = 0. Assuming
that
inf
Qˆ
νk
uˆ ≥ −νk(1+β2),
we shall prove
inf
Qˆ
νk+1
uˆ ≥ −ν(k+1)(1+β2).
Setting
uk(x, t) := ν
−k(1+β2)uˆ(νkx, ν2kt),
we see that infQˆ1 uk ≥ −1. We also see that uk is an Lp-viscosity solution of
(5.13), where F , G, f , Φ and Ψ are replaced, respectively, by
Fk(x, t, ξ,X) := ν
k(1−β2)Fˆ (νkx, ν2kt, νkβ2ξ, νk(β2−1)X),
Gk(x, t, ξ,X) := ν
k(1−β2)Gˆ(νkx, ν2kt, νkβ2ξ, νk(β2−1)X),
fk(x, t) := ν
k(1−β2)fˆ(νkx, ν2kt),
Φk(x, t) := ν
−k(1+β2)Φ(νkx, ν2kt),
Ψk(x, t) := ν
−k(1+β2)Ψ(νkx, ν2kt).
By (5.24), (5.25) and β2 = β0 ∧ β1, we notice that (5.11) and (5.12) hold for
(fk, µk, g
∗
k, Φk, Ψk), where g
∗
k(x, t) := sup{|Gk(x, t, ξ,X)| : ξ ∈ Rn, X ∈ Sn}.
Hence, it follows from Lemma 5.5 that
inf
Qˆν
uk ≥ −ν1+β1 ,
which implies (5.27) for k + 1.
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We finally prove the local Ho¨lder continuity for the space derivative of
Lp-viscosity solutions of (1.1). In what follows, for the Lp-viscosity solution
u ∈ C(ΩT ) of (1.1), we use the notation of ε-neighborhood of C±[u] for small
ε > 0;
C±ε [u] := {(x, t) ∈ Ω3εT : dist((x, t), C±[u]) < ε}.
Proof of Theorem 2.11. In order to show the assertion, by Proposition 5.1,
we may suppose that (y, s), (z, τ) ∈ C±2r1 [u]. Furthermore, in view of Lemma
5.4, we may suppose that dist((y, s), C±[u]) > 0 and dist((z, τ), C±[u]) > 0.
Without loss of generality, we assume that τ ≤ s. Choose (yˆ, sˆ), (zˆ, τˆ) ∈
C±[u] such that d((y, s), (yˆ, sˆ)) = dist((y, s), C±[u]) and d((z, τ), (zˆ, τˆ)) =
dist((z, τ), C±[u]). Thus, we see
d((y, s), (yˆ, sˆ)) > 0 and d((z, τ), (zˆ, τˆ)) > 0.
Case I: d((y, s), (z, τ)) < 1
2
d((y, s), (yˆ, sˆ)). Setting
v(x, t) := u(x, t)− u(yˆ, sˆ)− 〈Du(yˆ, sˆ), x〉,
in view of Proposition 5.1, for any β ∈ (0, βˆ ∧ β0), we see that
|Dv(y, s)−Dv(z, τ)| ≤ C d((y, s), (z, τ))
β
d((y, s), (yˆ, sˆ))1+β
‖v‖L∞(Qd((y,s),(yˆ,sˆ))(y,s))
+Cd((y, s), (z, τ))βd((y, s), (yˆ, sˆ))β0−β.
This together with
|Dv(y, s)−Dv(z, τ)| = |Du(y, s)−Du(z, τ)|,
and
‖v‖L∞(Qd((y,s),(yˆ,sˆ))(y,s)) ≤ ‖v‖L∞(Q+2d((y,s),(yˆ,sˆ))(yˆ,sˆ)∩ΩT ) ≤ Cd((y, s), (yˆ, sˆ))
1+β2 ,
where the last inequality follows from Lemma 5.4, yields
|Du(y, s)−Du(z, τ)|
≤ Cd((y, s), (z, τ))β (d((y, s), (yˆ, sˆ))β2−β + d((y, s), (yˆ, sˆ))β0−β)
≤ Cd((y, s), (z, τ))β
for β ∈ (0, βˆ ∧ β0) ∩ (0, β1].
Case II: d((y, s), (z, τ)) ≥ 1
2
d((y, s), (yˆ, sˆ)). In view of Lemma 5.4, since
d((z, τ), (zˆ, τˆ)) ≤ d((z, τ), (yˆ, sˆ))
≤ d((z, τ), (y, s)) + d((y, s), (yˆ, sˆ))
≤ 3d((z, τ), (y, s)),
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we obtain
|Du(y, s)−Du(z, τ)|
≤ |Du(y, s)−Du(yˆ, sˆ)|+ |Du(yˆ, sˆ)−Du(zˆ, τˆ)|+ |Du(zˆ, τˆ)−Du(z, τ)|
≤ C {d((y, s), (yˆ, sˆ))β2 + d((yˆ, sˆ), (zˆ, τˆ))β2 + d((zˆ, τˆ), (z, τ))β2}
≤ Cd((y, s), (z, τ))β2 .
6. Appendix: Local Ho¨lder continuity of deriva-
tives for elliptic problems
In this section, we consider the following elliptic bilateral obstacle problems
min{max{F (x,Du,D2u)− f, u− ψ}, u− ϕ} = 0 in Ω, (6.1)
where Ω ⊂ Rn is a bounded domain. Hereafter, under the hypothesis
q ≥ p > n, (6.2)
we define β0 ∈ (0, 1) by
β0 = 1− n
p
.
Suppose that
f ∈ Lp(Ω). (6.3)
The structure condition on F is that there exists
µ ∈ Lq(Ω), µ ≥ 0 in Ω (6.4)
such that for x ∈ Ω, ξ, ζ ∈ Rn, X, Y ∈ Sn,
F (x, 0, O) = 0, and
P−(X − Y )− µ(x)|ξ − ζ| ≤ F (x, ξ,X)− F (x, ζ, Y )
≤ P+(X − Y ) + µ(x)|ξ − ζ|.
(6.5)
For obstacles ϕ and ψ, we suppose that
ϕ ≤ ψ in Ω, and ϕ, ψ ∈ C1,β1(Ω) for β1 ∈ (0, 1). (6.6)
Under the above hypotheses, we prove that the first derivative of Lp-
viscosity solutions u of (6.1) is Ho¨lder continuous with the Ho¨lder exponent
β0 ∧ β1 near the coincidence set without assuming that ϕ < ψ in Ω.
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Lemma 6.1. Assume (6.2), (6.3), (6.4), (6.5) and (6.6). Then, for small
ε > 0, there exists Cˆ2 = Cˆ2(ε) > 0 such that if u ∈ C(Ω) is an Lp-viscosity
solution of (6.1), and if x0 ∈ Ωε satisfies
u(x0) = ϕ(x0) (resp., u(x0) = ψ(x0)),
then it follows that
|u(x)− u(x0)− 〈Dϕ(x0), x− x0〉| ≤ Cˆ2r1+β2(
resp., |u(x)− u(x0)− 〈Dψ(x0), x− x0〉| ≤ Cˆ2r1+β2
)
for x ∈ Br(x0), where
β2 := β0 ∧ β1.
In particular, u is differentiable at x0, and
Du(x0) = Dϕ(x0) (resp., Du(x0) = Dψ(x0)).
Proof. We consider the case when x0 ∈ C−[u] ∩ Ωε; (u − ϕ)(x0) = 0. For
simplicity of notations, we shall suppose x0 = 0 ∈ C−[u] ∩ Ωε.
Let 0 < r < ε
2
. Setting
v(x) := u(x)− ϕ(0)− 〈Dϕ(0), x〉 for x ∈ B2r,
we see that v is an Lp-viscosity solution of
min{max{F (x,Dv,D2v) +G(x,Dv,D2v)− f, v −Ψ}, v − Φ} = 0 in B2r,
where
G(x, ξ,X) := F (x, ξ +Dϕ(0), X)− F (x, ξ,X),
Φ(x) := ϕ(x)− ϕ(0)− 〈Dϕ(0), x〉,
Ψ(x) := ψ(x)− ϕ(0)− 〈Dϕ(0), x〉.
We note that (6.6) yields
|Φ(x)| ≤ σ1(r), and Ψ(x) ≥ Ψ(0) + 〈DΨ(0), x〉 − σ1(r)
for x ∈ B2r, where σ1(r) = Cˆr1+β1 for some Cˆ > 0. Setting
v+ := v ∨ σ1(r), and v− := v ∧ (Ψ(0) + 〈DΨ(0), x〉 − σ1(r)) ,
we claim that
v+ ≤ v− + 4σ1(r) in B2r. (6.7)
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Indeed, when v− = v, noting that v ≥ Φ ≥ −σ1(r) in B2r, we have (6.7). If
v− 6= v, then since for x ∈ B2r,
Ψ(0) + 〈DΨ(0), x〉 = ψ(0)− ϕ(0) + 〈Dψ(0)−Dϕ(0), x〉
= v(x)− u(x) + ψ(0) + 〈Dψ(0), x〉
≥ v(x)− ψ(x) + ψ(0) + 〈Dψ(0), x〉
≥ v(x)− σ1(r),
we have (6.7).
In view of Proposition 2.3, we observe that v− + 4σ1(r) is a nonnegative
Lp-viscosity supersolution of
P+(D2u) + µ|Du|+ f− + |Dϕ(0)|µ = 0 in B2r.
Thus, by the weak Harnack inequality (cf. Proposition 2.4 in [20]) and v(0) =
0, there are ε0, C0 > 0 such that
r
− n
ε0 ‖v− + 4σ1(r)‖Lε0 (Br) ≤ C0
(
4σ1(r) + r
1+β0‖f− + |Dϕ(0)|µ‖Lp(B2r)
)
.
Hence, from our choice of β2, we have
r
− n
ε0 ‖v− + 4σ1(r)‖Lε0 (Br) ≤ Cr1+β2 . (6.8)
In contrast, we see that v+ is a nonnegative L
p-viscosity subsolution of
P−(D2u)− µ|Du| − f+ − |Dϕ(0)|µ = 0 in B2r.
Hence, by the local maximum principle (cf. Proposition 2.5 in [20]) with the
above ε0 > 0, we have
sup
B r
2
v+ ≤ C1
(
r
− n
ε0 ‖v+‖Lε0 (Br) + r1+β0‖f+ + |Dϕ(0)|µ‖Lp(B2r)
)
,
for some C1 = C1(ε0) > 0. This together with (6.7) and (6.8) implies that
−Cr1+β1 ≤ u(x)− ϕ(0)− 〈Dϕ(0), x〉 ≤ Cr1+β2 in B r
2
,
which concludes the proof.
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